I. INTRODUCTION
T HE Method of Moments (MoM) [1] has been used extensively to solve electromagnetic (EM) scattering problems composed of impenetrable bodies. Its popularity is largely attributed to its adaptability to the variation of shape of the scatterer and its success in predicting the equivalent induced current accurately. However, due to its dense system matrix, the MoM suffers from an exceedingly large storage requirement of = number of unknowns) and direct solution time of that become prohibitively large as the electrical size of a scatterer grows. Therefore, extending the range of applicability by improving the efficiency (storage and solution time) of the conventional MoM have received a significant amount of attention in the literature. They range from hybrid approaches that use high-frequency asymptotic methods [2] , [3] , to approaches that use special basis functions to achieve sparsely populated system matrices [4] - [6] , and to accelerated matrix vector product iterative schemes [7] , [8] .
Recently, there have been efforts to incorporate physical phase propagation information into the MoM basis functions so that the number of unknowns may be reduced without compromising accuracy. Aberegg and Peterson [9] introduced the integral equation-asymptotic phase (IE-AP) method for two-dimensional (2-D) PEC scattering problems. IE-AP represents the unknown current as the product of an exponential function accounting for the phase and a slowly-varying residual function. The phase dependence of the basis functions are taken from the physical optics (PO) current both in the lit and the shadow regions. With a reduced storage requirement, good accuracy is achieved with additional help from the inclusion of special edge basis functions. However, the assumed PO phase distribution on the shadow side will generally not be appropriate.
Altman et al. [10] showed that induced currents on smooth parts of a scatterer can be efficiently represented by a few complex exponential functions. The parameters of the exponential functions are obtained by applying the generalized pencil of function (GPOF) method [11] to MoM solutions. In [12] , Altman and Mittra used the complex exponentials from the GPOF method together with an extrapolation technique to increase the frequency to the desired frequency by iterating at several intermediate frequencies. However, they were faced with the fundamental difficulty that the GPOF method is a one-dimensional (1-D) spectral estimation method, so it cannot be applied effectively to surface and volume currents associated with general three-dimensional (3-D) scattering problems. Thus, the GPOF method has been effective only for 2-D geometries and simple 3-D geometries such as bodies of revolution (BOR).
In this paper, a simple and efficient asymptotic phasefront extraction method [13] based on the Fourier spectrum of the induced surface current is presented. It is demonstrated that this extraction method produces the phase distribution of the current, which is valid on both the lit and the shadow sides of a scatterer. To this end, all the points on the target surface are first partitioned into two types of regions: 1) smooth regions composed of large slowly varying curved (or flat) surfaces and 2) discontinuity regions near corners and edges, as shown in Fig. 1 . The decision is made based upon the geometric properties of the surface around the point under consideration at the given frequency. The phasefront extraction is performed on the smooth part of the surface using the current distribution obtained from a con- ventional MoM solution at a tractably low frequency and it is then used to form a smart set of basis functions to represent the current on the radiating object at a higher frequency of interest. This set of basis functions is shown to relieve the storage and the solution time requirements of the resulting MoM system at the higher frequency and at the same time not significantly degrade the accuracy of the solution. The curved nature of each surface segment is properly modeled so that the same mathematical model of the geometry is used for both MoM formulations at the low and the high frequencies. This new formulation is referred to here as the asymptotic phasefront extraction-MoM (APE-MoM).
Section II presents the asymptotic phasefront extraction technique using the Fourier spectrum of the induced current. The APE-MoM formulation is discussed in Section III and numerical results are presented in Section IV. Conclusions and future developments are discussed in Section V. An harmonic time convention is assumed and suppressed for the following frequency domain analysis (where ). The ambient medium is free space with impedance , and represents the free-space wavenumber at frequency and wavelength .
II. SURFACE CURRENT ASYMPTOTIC PHASEFRONT EXTRACTION
The strong advantage of high-frequency asymptotic methods over low-frequency numerical methods is that they can provide valuable physical insights into various scattering mechanisms [14] . The high-frequency methods, therefore, also let us characterize the behavior of the induced surface currents. The high-frequency surface currents may be loosely classified into three categories as shown in Fig. 2 . The geometrical optics (GO) current (i.e., the current used in the PO approximation) at in Fig. 2(a) is present only on the lit side of a scatterer. Incident fields upon sharp edges as in Fig. 2(b) will generate an edge-diffracted contribution to the surface current. At an observer in the shadow region in Fig. 2(c) , the contribution to the surface current would be from the creeping waves that propagate along geodesic ray paths as, i.e., from the attachment point to induce the current at for a single creeping wave. It is noted that edge diffraction can also give rise to creeping waves. In all three cases, the surface current in the vicinity of (assuming is not close to an edge) may be approximated by (1) where represents the dominant phase variation on the surface and is a slowly varying complex vector with little phase variation. In general, is a function of the incident field, the local geometry around , and the dyadic reflection coefficients or diffraction coefficients (edge or surface). Furthermore, the vector has the property for for for (2) that are all independent of frequency. This insight suggests that a smaller number of MoM basis functions may be defined to efficiently represent the surface currents if the vectors can be found for a given geometry and incident field. Previous work, [9] - [12] has tried to exploit this concept, but was always limited to simple geometries that the vectors could be found analytically. In the approach that follows, the vectors are found numerically.
Consider a point on a locally smooth portion of the scattering surface . The phasefront properties of the surface current at are desired where a local rectangular coordinate system has been established. Here, and are arbitrarily chosen as two orthogonal unit vectors tangent to the surface at such that is the outward normal to the surface at . From the insights provided by (2), the surface current locally around may be written asymptotically as a finite sum of high frequency like terms, i.e., complex constant vector (3) where is the vector wavenumber of the th surface current out of dominant components. It is of interest to extract the feature vectors at from a given over that has been computed via the MoM at a tractable frequency. While there are more sophisticated feature extraction algorithms available, we have found a simple Fourier transform approach to be sufficiently accurate and efficient for this problem.
Given the distribution of surface current over , the Fourier transform of the current is defined as (4) where (5) The negative branch of the square root is taken for to match the incident field on the lit side and the domain of is restricted to (6) For creeping wave current components , and for components in general. From (3) and (4), one obtains (7) Noting that the magnitude of each term in (7) will maximize at , the estimates of the true vector wavenumbers are obtained from local maximizer of (8) and the number of maxima would determine the total number of dominant current components at . There are some numerical issues associated with the implementation of this extraction procedure. First, the Fourier transform needs a certain area of the scattering surface to work with that must be smooth and free of discontinuities and small-scale variations. Larger sampling area will give better resolution in the phasefront extraction, but computational cost for the numerical Fourier transform will also increase. However, as shown in the numerical results, the phasefront extraction takes a small fraction of the total CPU time. As a trade off, a circular area with radius has been found to give a sufficiently high resolution for the extraction purpose. Second, due to the finite sampling area, each term in (7) has its own local maxima (side lobes) in addition to the main peak at that should not be mistaken for separate current components. Therefore, in applying (8) one should avoid low-valued local maxima.
The threshold ratio of local maxima to the global maximum is set to 0.7071 in numerical applications. It also helps to subtract out the strongest current components after they are identified, so that weaker components are discernible. The third numerical issue is the spurious local maxima that are due to the deviation of the exact surface current from (3). In addition, numerical errors arising from the discrete approximation of the scattering surface as well as the discretization of the surface currents, will contribute to spurious local maxima that should not be mistaken for a separate current flow. As a check, the height of each local maxima is compared to a fraction of (9) that represents the maximum possible magnitude of at . Note that regardless of its magnitude, the global maximum is always adopted as a valid surface wave because there must always be at least one current component at .
The requirement that the phasefront extraction at needs a smooth surface over essentially classifies the whole scattering surface into two types depending on whether the extraction is permitted or not. The region where the extraction is not permissible is defined as the discontinuity region . In addition to points close to obvious discontinuities such as edges or corners, should also include points with small radius of surface curvature, where the traveling wave description of (3) fails. The rest of the geometry is referred to as the smooth region , away from all discontinuities where it is safe to perform the phasefront extraction. and are defined as on within the distance from sharp discontinuities, or where the minimum radius of normal curvature [15] is less than (10) The smooth part (11) In this study, values of and have been used. It is noted that these values are defined at the frequency where the phasefront extraction process is performed.
III. THE APE-MoM FORMULATION
In the results that follow, the magnetic field integral equation (MFIE) is solved for the unknown electric surface currents, because for now it is assumed the body is closed. The application of the new method to open bodies may be investigated using the electric field integral equation (EFIE) in future phases of this work. If internal resonances become a problem for closed bodies, the combined field integral equation CFIE may be applied instead of the MFIE. However, resonances did not appear to cause a problem in any of the numerical results presented here.
For a closed 3-D PEC scatterer, the MFIE is given by on (12) where is the outward normal to the surface at and denotes a principal value integration. The MFIE is used in this development, but it is noted that the same procedure may be extended to the EFIE and further to the CFIE. Let be the highest frequency of interest for a given scattering geometry. Assuming the available computational resources are insufficient for discretizing and solving (12) via the MoM directly at this frequency, the first step is choosing a lower frequency for which the MoM is tractable. Following the conventional MoM procedure, is expanded in terms of subsectional vector basis functions, i.e., (13) where are the unknown coefficients. After substituting (13) into (12) , the resulting equation is tested with weighting functions to obtain a matrix equation with a system matrix. The storage and the direct solution time of the conventional MoM depend on and as
Storage (14) Direct solution time (15) where it is assumed that the number of unknowns is proportional to for impenetrable scattering surfaces. Typically, 50-200 subsectional basis functions per square wavelength are used.
After the solution at is obtained, the next step is to divide into and according to (10) , (11) . Then, for every basis function on , perform the phasefront extraction of Section II over the area surrounding . Let the extracted wavenumber vectors from (8) be denoted , where the superscript has been added to denote frequency . It is expected that in most cases or 2, corresponding to one or two dominant phasefront directions at each point on .
The next step is to increase the frequency back to the higher frequency of interest . The discontinuity region needs to be regridded, again using conventional MoM subsectional basis functions. (It is noted that the definitions of and do not change from the lower frequency.) For the smooth region , which is typically much larger than , the gridding does not change. Only the basis functions are modified with the phase functions as in (3). The new current expansion at is given by h ni (16) where is the number of basis functions in at the higher frequency, and is the number in at the lower frequency. The phasefront vectors are in the same directions as the vectors, but are scaled by the frequency (17) Finally, is the center point of the th basis function in and (16) is then used in (12) and the resulting equation is tested using Galerkin's method in which the weighting functions are the same as the basis functions [1] . The above procedure is illustrated in the flow chart of Fig. 3 for a bullet-like geometry. The cylinder is smoothly rounded at one end and has a circular edge at the other end ( region). Note that the flat bottom away from the edge is part of .
The total number of unknowns at the higher frequency is given by (18) where is typically in the range and is usually very close to one. For most cases, a single phasefront dominates at each point on a scatterer, except for cases where there are strong higher order interactions such as multibounce. Equation (18) shows that the number of unknowns increases with frequency only in the edge region . For geometries with few discontinuities, the electrical size that can be handled by this method is virtually unlimited with respect to the number of unknowns.
Although, is usually much smaller than the number of unknowns in the standard MoM, the matrix formation time of the new formulation at is approximately the same as the standard MoM. This is because the numerical integration in the Galerkin testing scheme still requires the entire surface to be integrated and tested, regardless of the number of unknowns. However, a far-field approximation may be used to more efficiently compute the matrix elements for separated basis functions. Consider two basis function domains and separated by , each with a maximum linear dimension denoted by . Let the magnetic field at radiated by , , be denoted by . Using the far-field approximation for the fields radiated by an antenna of dimension [16] 
which is valid if (20) where . For example, if Galerkin testing is used with integration points on and test points on , then operations are required to generate the matrix element using brute force numerical integration. However, if (20) is satisfied, one first computes , which is operations, then (19) is used to compute for the test points, which is also operations. The total operational count is , which is a considerable reduction from for the large domains used in the phasefront extraction method. Furthermore, the far-field approximation often makes it possible to evaluate the matrix elements in closed form. It has been found [17] that the savings in the matrix fill time depends critically on the smoothness of the scatterer. It has been also observed that although (19) still produces the same matrix fill time as the conventional MoM at , its small leading coefficient leads to practical reduction as shown later in Tables I and II. It is also worth mentioning that the new formulation forms an efficient MoM matrix equation and does not impose any restrictions on its solution method. Any direct or iterative solution method may be chosen to obtain the solution vector and reconstruct the current at using (16) . In this study, geometries and frequencies are chosen such that the new system matrices may be stored in the RAM of the workstation used in the numerical simulations. However, iterative methods may be more appropriate for realistically complex geometries because the phasefront extraction algorithm must be repeated for every incidence angle, hence, the system matrix must also be recomputed.
IV. NUMERICAL RESULTS
The APE-MoM is applied to a sphere that has no discontinuities and a rounded cylinder with a fin, achieving different efficiencies according to (18) . The results in this study are generated using Fortran 77 on an Intel Pentium III 550 MHz personal computer running the Red Hat 6.1 Linux operating system. The biconjugate gradient-stabilized (Bi-CGSTAB) iterative solver [18] is used to solve the matrix equations. LU-factorization is not needed here because the factorized matrix is not reused for multiple incidence angles. The APE-MoM algorithm must be repeated for each new incidence angle. (However, LU-Factorization would be useful for obtaining the currents at the lower frequency for multiple incidence angles.) Fig. 4 (a) and (b) show the phasefront directions of the induced current on a PEC sphere for plane wave incidence on the lit and shadow sides, respectively. The radius of the sphere is 1m and is illuminated by an -polarized plane wave incident in the direction at 300 MHz. Due to the smooth surface of a sphere, the whole surface is designated . An arrow is placed at the center of each segment whose direction and magnitude indicate the projection of the extracted phasefront vectors onto the spherical surface. On the lit side [ Fig. 4(a) ], it is noted that the gradual change of arrow lengths indicates that the dominant GO current is properly identified. It is also observed that the arrow length approaches its maximum around the equator and stays constant on the shadow side [ Fig. 4(b) ] corresponding to the creeping wave currents. Furthermore, it is seen that two dominant components are identified for some of the segments, especially close to the north pole region indicating that (8) can successfully extract multiple components.
Using these extracted current phasefronts, a new solution at = 900 MHz is obtained with only 2,908 unknowns, slightly increased from = 2,668 at = 300 MHz due to the presence of a few multiple current components. The -component of the induced surface current on the cut is shown in Fig. 5 and is compared with the analytical solution [19] . A conventional MoM solution is also shown in Fig. 5 , which requires 22 950 unknowns and is also solved by the Bi-CGSTAB method. In this paper, the conventional MoM solution refers to the MoM solution of the MFIE with 200 unknowns/ sampling density (patch size = 0.1 ). Both numerical solutions agree well with the exact solution, however, it is clear from Fig. 5(a) that the magnitude of the current in the new MoM is a stairstep approximation because pulse basis functions are used here. A more sophisticated implementation would use piecewise continuous basis functions such as pyramids or Rao-Wilton-Glisson (RWG) functions [20] . The APE-MoM features linear phase progression on the basis segments, so the new solution reproduces the exact current in phase very closely, as seen in Fig. 5(b) . Fig. 6 compares the bistatic radar cross section (RCS) of the sphere at on the two planes corresponding to , . Although, the reconstructed surface current in Fig. 5 is discontinuous in magnitude, it is noted that the RCS predictions of the APE-MoM is excellent compared with the RCS of the conventional MoM formulation and the analytical solution. Table I shows the computer times and memory requirements for the APE-MoM compared with the conventional MoM. Estimated values have been used for the iterative solution time for the conventional MoM at . The estimate assumes that the system matrix is completely stored in the system memory of the workstation, which, is beyond the capabilities of the contemporary workstation environment. The matrix-vector multiplication in the Bi-CGSTAB algorithm has been modified such that the system matrix is not stored, but recomputed every time it is required to produce the conventional MoM numerical results in this study. (The actual time is 28.5 hours.) A dramatic savings in time and memory is achieved with the new formulation. However, a sphere presents the best case scenario. Efficiency for practical geometries will be determined from the ratio . To demonstrate the importance of the built-in phase propagation of the APE-MoM, Fig. 7 plots the RCS of the sphere predicted by the conventional MoM for three different current patch dimensions. The corresponding unknown densities are 200, 50, and 22 unknowns/ , respectively. The MoM grids are similar to Fig. 4 except that the phase of the basis function on each current patch is constant. It is observed that the accuracy of the conventional MoM quickly deteriorates as the patch dimension grows. Noting that the patch size for the APE-MoM in Fig. 6(a) is , it is clear that the built in propagating phases of the APE-MoM basis functions are crucial in accurately predicting the RCS patterns. Fig. 8 shows a rounded cylinder with a fin attached. A -directed plane wave is incident upon the geometry from , and the bistatic RCS at 600 MHz is desired. The expression, = 300 MHz is used as the lower frequency where a conventional MoM solution with 3 872 unknowns is tractable. After the phasefront extraction and regridding, the high-frequency grid is shown in Fig. 8 . From the geometry and incidence angle, one expects multiple reflections between the plate and the cylinder. Two oppositely pointing arrows on the cylinder near the plate indicate that two distinct current phase- fronts, one incident and one reflected, are properly identified. On the plate, only one current component is identified on each of 21 smooth segments. The APE-MoM has 7 764 unknowns at 600 MHz and is solved using Bi-CGSTAB. The larger relative increase in unknowns compared with the sphere is mainly due to the regridding of the discontinuity region at frequency . However, the conventional MoM requires 14 938 unknowns, so the phasefront extraction method represents a substantial reduction. The RCS computed using both methods is shown in Fig. 9 . The excellent agreement proves the validity of the new APE-MoM in predicting the scattering from electrically large and complex geometries. Table II shows the computer times and memory requirements for the APE-MoM compared with the estimates for the conventional MoM at . (The actual time for the conventional MoM solution is 4.6 days.) Although, the solution at and the phasefront extraction do not apply to the conventional MoM, the new solution takes about 1/6 as long as the conventional MoM would take.
Finally, it should be mentioned that the size of the piece wise constant functions used here to represent the amplitude of the surface current have an upper limit of . Otherwise, grating lobe scattering from the amplitude discontinuities begins to degrade the accuracy, especially for low RCS targets [17] . If RWG rooftop functions are used, it is expected that the limit may be exceeded. 
V. CONCLUSION
In this study, a propagating wave description of surface currents has been used to form a smart set of MoM basis functions. The property that the vector wavenumbers of the surface currents, normalized to (i.e., the phasefront directions), remain independent of frequency is utilized by extracting them from a low-frequency solution for the current. The phasefront extraction procedure is achieved via the Fourier transform of local surface currents-an efficient numerical procedure not requiring computationally expensive ray tracing that high frequency methods need. This feature makes the phasefront extraction very robust and appealing to general purpose scattering codes.
From the numerical examples, it has been shown that the phasefront extraction predicts the proper current behavior both on the lit and shadow sides of a scatterer. When there is more than one significant current wave, multiple waves have been properly identified. Although, multiple asymptotic basis functions may exist over the same area, properly chosen testing functions (Galerkin) avoid producing an ill-conditioned system matrix. The reconstructed high-frequency current compares well with reference solutions, especially in phase and the scattered field compares even better.
The efficiency of the APE-MoM is found to depend critically on the geometry and the ratio . should be sufficiently high so that a larger portion of may be considered smooth, therefore, the asymptotic phasefronts are more resolvable. Since the still needs to be regridded in the conventional MoMs fashion, the APE-MoM is limited primarily by the size of in terms of storage and solution time.
Future development interests include the incorporation of continuous basis function expansions, such as RWG rooftop functions, so that the magnitude of the surface current stays continuous over adjacent segments. The EFIE may be introduced to deal with open scattering geometries for which the MFIE is inappropriate and impenetrable material surfaces will also be considered. Furthermore, it is noted that the procedure in Fig. 3 may be iteratively repeated in several steps from to in order to arrive at a smaller region at . This iterative application will result in the final grid at to be comprised of segments of several distinct sizes and eventually achieve smaller than what a one-step frequency increase would give.
